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SEMI-HARMONICITY, INTEGRAL MEANS
AND EULER TYPE VECTOR FIELDS
CHIA-CHI TUNG
Abstract. The Dirichlet product of functions on a semi-Riemann domain and
generalized Euler vector fields, which include the radial, ∂¯-Euler, and the ∂¯-
Neumann vector fields, are introduced. The integral means and the harmonic
residues of functions on a Riemann domain are studied. The notion of semi-
harmonicity of functions on a complex space is introduced. It is shown that, on
a Riemann domain, the semi-harmonicity of a locally forwardly L2-function is
characterized by local mean-value properties as well as by weak-harmonicity.
In particular, the Weyl’s Lemma is extended to a Riemann domain.
1. Introduction
1As higher dimensional analogues of Riemann surfaces, the Riemann domains
played a fundamental role in the early development of function theory of several
complex variables (see [4], pp. 12-13). Such a space is given by a complex manifold
M together with a holomorphic map p of M into a domain in Cm such that each
fiber of p is discrete. This allows for the consideration of m-dimensional domains
that do not lie within Cm.
It is well-known that on a Euclidean space harmonic functions are characterized
by their mean-value properties over balls and spheres. In view of recent interest
in non-smooth domains in analysis, it seems natural to consider similar properties
for functions defined on a semi-Riemann domain, where singular or branch points
as well as some non-discrete fibers may exist, thus allowing for possibly non-Stein
parabolic spaces lying over a domain in Cm. In this paper semi-harmonic functions
on a complex space are introduced. It is shown that for a continuous function on
a Riemann domain, the ”semi-harmonicity” is characterizable in terms of the local
behaviour of the function such as the solid, spherical, as well as by the near, resp.
weak, harmonicity. Furthermore, the Weyl’s Lemma can be extended 2: every
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2The implication ”(1) ⇒ (2)” given in Theorem 4.2 of the above quoted paper is not correct
as it stands unless under some further conditions on φ for instance, if either φ ∈ C0(X) or φ
admits locally branchwise L1-direct image φˆj ∈ L1
loc
(U ′) at each point of X, for each branch of
U (under such circumstances the original proof remains valid).
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locally forwardly L2 weakly harmonic or semi-harmonic function on a Riemann
domain is induced by a semi-harmonic function (Corollary 4.1).
For later applications to local and global characterizations of semi-harmonicity
and holomorphicity of functions on a normal semi-Riemann domain (see [15]), a
class of generalized Euler vector fields is introduced (see §2 & §5). The point of
interest here lies in the fact that the Cauchy-Riemann, the ∂¯-Euler, the ∂¯-Neumann
as well as the radial vector fields can be globally defined from a unified viewpoint.
The relation between semi-harmonicity, Dirichlet product, and harmonic residues
is also studied. Integral representation of the Bochner-Martinelli type and applica-
tions will be considered in a subsequent paper [15].
The author is indebted to the referee for suggestions and corrections which led
to the improvement of this paper.
2. Preliminaries
In what follows every complex space is assumed to be reduced and has a countable
topology. The notions of Ck-differential forms, the exterior differentiation d, the
operators ∂, ∂¯ and dc : = (1/4pii)(∂ − ∂¯) are well-defined on complex spaces
despite the presence of singularities (see [14], Chap. 4). Let X be a complex space
of dimension m > 0 and D ⊆ X an open subset. Denote by Cµ(D) the set of
all C-valued functions of class Cµ (when µ = β, locally bounded functions) on
D, and by Ak,µ(D) the set of C-valued k-forms of class Cµ (when µ = λ, C-
valued locally Lipschitz k-forms ([14], §4)) on D. The sets Cµ(D) and Ak,λ(D)
are similarly defined.
Denote by ‖z‖ the Euclidean norm of z = (z1, · · · , zm) ∈ C
m, where zj =
xj + i yj . Let the space C
m be oriented so that the form υm : = (ddc‖z‖2)m is
positive. Let p : X → Cm be a holomorphic map. Set p[a] : = p− p(a), ∀a ∈ X.
Clearly the form
(2.1) υp : = dd
c‖p[a]‖2 = (
i
2pi
)∂∂¯ ‖p[a]‖2
is non-negative and independent of a. Observe that the function ‖p[a]‖ satisfies
the Monge-Ampe`re equation:
(2.2) (ddc log ‖p[a]‖2)m = 0.
Therefore the form
(2.3) σa :=
1
‖p[a]‖2m
dc‖p[a]‖2 ∧ υm−1p
is d-closed.
Let dυr, respectively, dσr , denote the Euclidean volume element of the r-ball
B(r), respectively, the (2m − 1)-sphere S(r) = S2m−1(r), in Cm. Set dυ[a],r : =
(p[a])∗dυr, dσ[a],r : = (p
[a])∗dσr . In particular, denoting by t(−a′) the translation:
z 7→ z−a′ (where a′ ∈ Cm), the forms dυ[a′],r := t(−a′)
∗dυr, dσ[a′],r := t(−a′)
∗dσr
are defined. For a ∈ D and r > 0, set D[a](r) : = {z ∈ D | ‖p
[a](z)‖ < r}, D[a][r] :
= {z ∈ D | ‖p[a](z)‖ ≤ r}, and D(r) : = {z ∈ D | ‖p(z)‖ < r}. If p = the identity
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map of Cm, write B[a′](r) = D[a′](r), S[a′](r) = ∂B[a′](r), and omit the subscript
if a′ = 0. Set | S | = vol (S(1)) and |B | = vol (B(1)).
A complex space X together with a holomorphic map p : X → Ω, where Ω is
a domain in Cm, is called a semi-Riemann domain (over Ω) iff there exists a thin
analytic set Σ in Ω for which the inverse image Σp := p
−1(Σ) is thin in X and
the restriction p : X0 := X \Σp → Ω0 := Ω \Σ has discrete fibers. If Σ = ∅, then
(X, p) is a Riemann domain in the sense of [4], p. 19 and [11], p. 135, (also [9],
p. 116, where X is assumed a normal space). If p : X → Ω is in addition a local
homeomorphism, then (X, p) is said to be unramified. Every proper holomorphic
map of a pure m-dimensional complex space into a domain Ω ⊆ Cm of strict rank
m is a semi-Riemann domain ([1], p. 117).
If Y is an irreducible and locally irreducible space and f : X → Y is a light,
proper, holomorphic map, then by the Andreotti-Stoll’s theorem ([13], Lemma 2.3;
[1], Lemma 2.2), the map f : X → Y is an analytic covering with sheet number
s = deg (f) given by
(2.4) deg (f) :=
∑
{νyf (z) | z ∈ f
−1(y)}, ∀y ∈ Y.
where νyf (z) denotes the multiplicity of f at z ([13], p. 22).
Unless otherwise mentioned, let p = (p1, · · · , pm) : X → Ω be a semi-Riemann
domain of dimension m > 0. For each a ∈ D0 : = D ∩ X0, there exists an
open neighborhood N with closure in D0 such that: i) p−1(y) ∩N = {a}, where
a′ := p(a); ii) for a sufficiently small ball U ′ = B[a′](ρ) in C
m, Ua := p
−1(U ′)∩N =
p−1(U ′)∩N is connected and the mapping p⌋Ua : Ua → U ′ is an analytic covering;
iii) every branch V k, k = 1, · · · , sa, of Ua contains a; and iv)
(2.5) sa = deg (p⌋Ua) = ν
a′
p (a)
([13], Proposition 1.3). For convenience call such Ua a pseudo-ball (of radius ρ) at
a. Let X∗ be the largest open subset of X on which p is locally biholomorphic,
and set D∗ : = D ∩X∗.
Let W ⊆ X∗ be an open set and Ta(W ) the real tangent space at a point a ∈W.
Denote by ( , ) the Euclidean inner product (induced under p) on the tangent space
Ta(W ), a ∈W. It extends naturally to a bilinear form on the complexified tangent
space CTa(W ). The gradient vector field ∇φ of a C
1-function φ :W → C is then
well-defined in the standard fashion; thus setting x˜j = Re (pj), y˜j = Im (pj), 1 ≤
j ≤ m, the partial derivatives
φ
x˜j
=
∂φ
∂x˜j
: = (∇φ,
∂
∂x˜j
); φ
y˜j
=
∂φ
∂y˜j
: = (∇φ,
∂
∂y˜j
),
are well-defined. The Cauchy-Riemann, respectively anti-Cauchy-Riemann, vector
fields, are given by
∂¯k =
∂
∂p¯
k
:=
1
2
∇p
k
, respectively, ∂k =
∂
∂p
k
:=
1
2
∇p¯
k
,
in X∗ for k = 1, · · · ,m. More generally, if g ∈ C1(D) define the associated ∂-,
respectively, ∂¯-, Euler type vector field
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Eg = 2
m∑
k=1
gp¯k ∂k,
E¯g = 2
m∑
k=1
gpk ∂¯k,
(2.6)
in D∗, where g
p¯k
:= ∂¯kg, gpk := ∂kg. Observe that if h ∈ O(D) (resp. h ∈
O(D)), the set of all holomorphic (resp. anti-holomorphic) functions, then ∇h =
E¯h (resp. ∇h = Eh) is an Euler type vector field. To each continuous mapping
ξ = (ξ1, · · · , ξ2m) : W → C
2m is associated a (complex) vector field
∂
ξ
:=
m∑
k=1
(
ξ
2k−1
∂
∂x˜k
+ ξ
2k
∂
∂y˜k
)
,
which, for notational convenience, shall be identified with ξ. It follows that
(2.7) ∂
∇g
= Eg + E¯g =
m∑
k=1
∇k g,
where
(2.8) ∇k g := 2 (gpk ∂¯k + gp¯k ∂k)
is the k-th partial gradient vector field of g. The following Lemma, which gathers
some useful identities, is easily established:
Lemma 2.1. (1) If φ, ψ ∈ C1(D∗), then
(2.9) dφ ∧ dcψ ∧ υm−1p =
1
4m
∂
∇φ
(ψ) υmp .
(2) If g ∈ C2(D∗), then for each pseudo-ball U ⊆ D∗, (i)
(2.10) ddc (g υm−1p ) =
1
4m
(△p
U
g) υmp ,
where △p
U
denotes the p
U
-pull-back of the Laplace operator of the Euclidean metric
on Cm; (ii)
(2.11) ∂
∇g
(φ) =
1
2
(△p
U
(g φ) − g△p
U
φ − φ△p
U
g), ∀φ ∈ C2(U).
3. Integral averages
Denote by dD the (maximal) boundary manifold of R(D) in R(X), the man-
ifold of simple points of X, oriented to the exterior of R(D) ([14], p. 218). If
U is compact, a ∈ U0, and φ ∈ C0(U[a][r0]), define the solid, resp. spherical,
mean-value function of φ (with resp. to p[a]) by
(3.1) 〈φ⌋U〉a,r : =
1
r2m
∫
U[a](r)
φυmp , ∀r ∈ (0, r0),
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(3.2) [φ⌋U ]a,r : =
∫
dU[a](r)
φσa, ∀r ∈ (0, r0).
Let φ ∈ C0(D) and a ∈ D0. Then: φ is said to have (1) the (local) solid mean-
value property at a iff there exists a pseudo-ball U ⊆ D at a of radius r0 > 0
such that
(3.3) 〈φ ⌋U〉a,r = νp(a)φ(a) ∀r ∈ (0, r0).
(2) the (local) spherical mean-value property at a iff there exists a pseudo-ball
U ⊆ D at a of radius r0 > 0 such that
(3.4) [φ⌋U ]a,r = νp(a)φ(a), ∀r ∈ (0, r0).
Given a pseudoball U in X, choose a C∞-partition of unity {(U jν , ρ
j
ν)} in
terms of the local (covering) sheets U jν ⊆ U∗ contained in a branch V
j . Given
φ ∈ L1loc(U) (respectively, C
0(U)), set φj
ν
:= ρjνφ for each pair (j, ν); there exists
an induced function φˆj
ν
∈ L1loc((U
j
ν )
′) (respectively, C0((U jν )
′)) such that p∗φˆj
ν
=
φj
ν
on U jν . The following Lemma shows that the local solid and the spherical mean-
value properties of φ are equivalent:
Lemma 3.1. Let U be a pseudo-ball at a point a ∈ X0 of radius r0. Then for
each φ ∈ C0(U), the following are equivalent:
(a) 〈φ⌋U〉a,r = const. = A, ∀r ∈ (0, r0);
(b) [φ⌋U ]a,r = const. = A, ∀r ∈ (0, r0).
Proof. Observe that, if φˆ ∈ C0(B[a′][r0]), then
(3.5)
∫
B[a′](r)
φˆ dυ[a′],r =
∫ r
0
( ∫
S[a′](t)
φˆ dσ[a′],t
)
dt, 0 < r < r0.
Assume at first that [φ⌋U ]a,t = A, ∀t ∈ (0, r0). Denoting by sa the number of
irreducible branches of U, one has for such t,
A | S | t2m−1 =
∫
dU[a](t)\T
φdσ[a],t =
sa∑
k=1
∑
ν
′
∫
dV k
[a]
(t)∩Ukν \T
φk
ν
dσ[a],t
=
sa∑
k=1
∑
ν
′
∫
S[a′](t)∩(U
k
ν )
′
φˆk
ν
dσ[a′],t,
where
∑
ν
′
denotes the limit of a sum of integrals (or functions) over the indices ν of
an (increasing) covering of Kn ∩V k by the Ukν , {Kn} being a (strictly increasing)
exhausting sequence of compact subsets of U∗. Thus, integrating the above relation
over (0, r), 0 < r < r0, yields
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r2m
2m
| S |A =
sa∑
k=1
∑
ν
′
∫
B[a′](r)∩(U
k
ν )
′
φˆk
ν
dυ[a′],r =
sa∑
k=1
∫
V k
[a]
(r)\T
φdυ[a],r.
Therefore
A =
1
r2m
∫
U[a](r)
φυp[a]
m = 〈φ⌋U〉a,r, 0 < r < r0.
Similarly, if 〈φ⌋U〉a,r = A, ∀r ∈ (0, r0), then [φ⌋U ]a,r = A, ∀r ∈ (0, r0). 
Of importance to harmonic function theory is the Dirichlet product, which, on
a semi-Riemann domain, can be defined as follows: if η, φ : D → C are locally
Lipschitz functions ([14], §4), set
(3.6) [η, φ]
D
:=
∫
D
dη ∧ dcφ¯ ∧ υm−1p ,
provided the integral exists. (For further properties and applications of this prod-
uct, see [15]). The definition (2.3) and the Stokes’ theorem ([14], (7.1.3)) imply the
following
Lemma 3.2. Let η, φ ∈ C1(D) and a ∈ D0. Then for every neighborhood U of
a and r0 > 0 such that U[a](r0) ⊂⊂ D,
(3.7) [φ⌋U ]a,r = 〈φ⌋U〉a,r +
1
r2m
[φ, ‖p[a]‖2]a,r, ∀r ∈ (0, r0).
A function φ ∈ C0(D) is called (locally) nearly harmonic at a ∈ D0 iff there
exists a pseudo-ball U ⊆ D at a of radius r0 > 0 such that
(3.8) [φ⌋U ]a,r = 〈φ⌋U〉a,r, ∀r ∈ (0, r0).
Lemma 3.3. A function φ ∈ C0(D) is nearly harmonic at point a ∈ D0 iff there
exists a pseudo-ball U ⊆ D at a of radius r∗ > 0 such that
[φ⌋U ]a,r = const., ∀r ∈ (0, r
∗).
Proof. Assume φ is nearly harmonic at point a ∈ D0. It suffices to consider
the case where φ is real-valued. In terms of the Euclidean volume elements the
condition (3.8) can be written
∑
ν
′
∫
U[a](r)
φk
ν
dυ[a],r =
r
2m
∑
ν
′
∫
dU[a](r)
φk
ν
dσ[a],r.
Hence by the formula (3.5),
∑
ν
′
∫
dU[a](r)
φk
ν
dσ[a],r =
∑
ν
′ d
dr
( r
2m
∫
dU[a](r)
φk
ν
dσ[a],r
)
.
Thus
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d
dr
∑
ν
′( ∫
dU[a](r)
φk
ν
dσ[a],r
)
=
(2m− 1)
r
∑
ν
′
∫
dU[a](r)
φk
ν
dσ[a],r.
Hence one has
d
dr
( ∫
dU[a](r)
φdσ[a],r
)
=
(2m− 1)
r
∫
dU[a](r)
φdσ[a],r.
It follows that for some r∗ > 0,
1
| S | r2m−1
‖
∫
dU[a](r)
φdσ[a],r‖ = const., ∀r ∈ (0, r
∗).
Therefore the function ‖[φ⌋U ]a,r‖, hence also [φ⌋U ]a,r, is constant for such r. The
converse assertion is an immediate consequence of Lemma 3.1. 
Proposition 1. If U ⊆ X is a pseudo-ball at a ∈ X0 and φ ∈ C0(U) such that
φ⌋U ∩ p−1(p(a)) = const., then
(3.9) deg (p⌋U)φ(a) = lim
r→0
[φ⌋U ]a,r = lim
r→0
〈φ⌋U〉a,r.
Proof. Without loss of generality assume U = X, and let τ := ‖p[a]‖2 : X →
[0,∞). The identity (3.7) implies that [1]a,r = 〈1〉a,r, ∀r > 0. Also, it follows from
[14], Proposition 5.2.2 and the sheet number formula (2.4) that
(3.10) 〈1〉a,r = deg (p) 〈1⌋Ω〉a′,r = deg (p),
where the integral 〈1⌋Ω〉a′,r = 1 is defined in terms of the Euclidean volume element
υm on Cm. Set φ˜ : = φ − φ(a). For each ε > 0, let Wαε be a neighborhood of
zα ∈ τ−1(0) such that ‖φ˜(z)‖ < ε, ∀z ∈ Wαε . Take r0 > 0 and choose an open
covering of p−1(a′) ∩X[a][r0] by the open sets W
α
ε . Then there exists a constant
δ > 0 such that τ−1([−δ, δ])∩X[a][r0] ⊆Wε := ∪αW
α
ε ([14], (1.1.5)). This implies
that supX[a][δ] ‖φ˜‖ ≤ ε. Hence
(3.11) ‖〈φ˜〉a,r‖ ≤ sup
X[a][δ]
‖φ˜‖ 〈1〉a,r ≤ ε deg (p), ∀r ∈ (0, δ].
Therefore it follows from the relations (3.10) and (3.11) that
lim
r→0
〈φ⌋U〉a,r = φ(a) deg (p).
The remaining assertion on the spherical mean-value is similarly proved. 
Proposition 2. (Maximum principle) Let D be a domain in X. Assume: i) either
D ⊆ X0 or D is irreducible; ii) φ : D → [−∞,∞) is upper-semicontinous and
bounded above; iii) ∀a ∈ D0, there exists a neighborhood U ⊆ D of a such that
(3.12) νp(a)φ(a) ≤ 〈φ ⌋U〉a,r ∀r ∈ (0, r0).
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Then φ satisfies the maximum principle on D: if for some z0 ∈ D0, φ(z0) = K :
= sup {φ(z) | z ∈ D} 6≡ −∞, then φ = constant.
Proof. Let M = {z ∈ D |φ(z) < K}. For any a0 ∈ D0\M, choose a neighborhood
U ⊆ D0 such that the inequality (3.12) holds. Without loss of generality, assume
that U is a pseudo-ball at a0 of radius ρ. Suppose M ∩ U[a0](ρ) 6= ∅. Since
φ(z) < K for all z in a neighborhood of each z∗ ∈ M ∩ U[a0](ρ), it follows from
[14], Proposition 5.2.2, and (2.4) that
ρ2m νp(a0)φ(a0) ≤
∫
U[a0](ρ)
φυmp
<
∫
U[a0](ρ)
Kυmp = ρ
2m deg (p⌋U)K.
Hence by the relation (2.5), this implies that φ(a0) < K, a contradiction. Therefore
M ∩ U[a0](r) = ∅. Thus the set D
0\M is open and non-void. It follows from the
connectedness of D0 that M ∩ D0 = ∅. Consequently φ(z) = K in D0, hence
also in D. 
4. Semi-harmonicity
For later use set Cλ(D) := A0,λ(D), C1,1(D) := {φ ∈ C1(D) |φ
x˜j
and φ
y˜j
∈
Cλ(D), 1 ≤ j ≤ m}, and Cλ,(c)(D) := {η ∈ C1(D) | η ⌋∂D = const.}. Denote
by Cµ0 (D) the set of compactly supported C
µ-functions. The sets Cλ(∂D), and
C1,1(D), C1,10 (D) are similarly defined. Let ρ ∈ A
2m,0(D). A function f on X
is said to be locally integrable (f ∈ L1loc(X)) provided so is every 2m-form fχ
with χ ∈ A2m,0(X). Similarly define L2loc(X) (with |g|
2χ in place of gχ). A weak
solution of the semi-Poisson equation
(4.1) ddc (φυm−1p ) = ρ
is a locally integrable function φ : D → C such that ∀C2-function u : D → [0,∞)
with compact support in D∗,
∫
D
φddcu ∧ υm−1p =
∫
D
ρ u υmp .
A (strong) solution of the equation (4.1) is a C2-function φ : D\A → C for some
thin analytic subset A of D such that φ satisfies the equation (4.1) (pointwise)
in D\A. The Stokes theorem shows that every strong solution in C1,1(D) of the
equation (4.1) is a weak solution. It will be shown that on a Riemann domain, if
∂D is reasonably smooth, a bounded weak solution in C0(D) of the semi-Poisson
equation depends continuously on its boundary values on ∂D.
A locally integrable function φ : D → C is called: (1) weakly harmonic in D
(with respect to p) iff φ is a weak solution of the semi-Laplace equation
(4.2) ddc (φυm−1p ) = 0
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in D; (2) semi-harmonic in D (with respect to p) iff there exists a thin analytic
subset A of D such that φ is a C2-solution of the semi-Laplace equation (4.2)
in D\A. Also, φ : D → C is called semi-harmonic at a ∈ D iff φ is semi-
harmonic in a neighborhood of a. The real and imaginary parts of every weakly
holomorphic or pluri-harmonic function in D are semi-harmonic. Locally every
pure m-dimensional complex space X is an analytic covering of a domain in Cm.
Thus by means of the identity (2.10), the semi-harmonicity of a function φ on a
domain D ⊆ X is intrinsically defined by the requirement (4.2) in terms of the local
covering maps of X. Let H(D), resp. Hw(D), denote the set of all semi-harmonic,
resp. weakly harmonic, functions in D.
Theorem 4.1. Let (X, p) be a Riemann domain and φ ∈ C0(X) . The following
conditions are equivalent:
(1) φ is locally nearly harmonic in X.
(2) φ has the local spherical mean-value property in X.
(3) φ has the local solid mean-value property in X.
Proof. By Lemma 3.3, the near-harmonicity at a ∈ X of φ is equivalent to the
constancy of its local spherical mean-value at a. Hence it follows then from Lemma
3.1, Proposition 1 and the relation (2.5) that at each point of X, the above three
conditions on φ are equivalent. 
An element φ ∈ L1loc(X) is said to be locally forwardly square-integrable (φ ∈
L2loc[X ]) if there exists a pseudoball U ⋐ X at each point of X such that the fol-
lowing integral exists:
∫
U ′\∆′ ‖(
∑′
ν φˆ
j
ν)(z
′)‖2 dv(z′) < ∞, where the (measurable)
function
∑′
ν φˆ
j
ν : U
′\∆′ → C is defined by: z′ 7→ limn→∞
∑Njn
l=1 φˆ
j
nl
(z′), the sum-
mation being taken over a covering of Kn∩V j by the open sets U jnl , l = 1, · · · , N
j
n,
the {Kn} being an exhausting sequence of compact subsets of U∗. Note that it
can be shown (by using [14, Theorem 5.2.2]) that the function
∑′
ν φˆ
j
ν is integrable
on U ′\∆′. The following characterization of semi-harmonicity also gives a criterion
for the removability (in a weak sense) of analytic singularities:
Theorem 4.2. Let (X, p) be a Riemann domain. The following assertions ”(2)
⇒ (3) ⇒ (1)” hold; moreover, the implication ”(1) ⇒ (2)” is valid if φ ∈ L2loc[X ]:
(1) φ ∈ Hw(X).
(2) φ is locally integrable in X and defines a current [φ] induced by a function
φ˜ ∈ Cβ∩m(X)∩C0(X∗) satisfying the local solid mean-value property in the domain
of continuity of φ˜.
(3) φ ∈ H(X).
Proof. To prove the assertion ”(1) ⇒ (2)”, let U ⊆ X be a pseudo-ball of radius
r0 at a point a ∈ X. Choose a non-negative function α ∈ C∞0 (R
2m) with support
contained in B[1] such that
∫
R2m
αdυ = 1. Set αε(x) : = ε
−2m α(x
ε
), α
(0)
ε (x) =
αε(−x), ∀ε > 0. Define φˆj,ε = αε ∗ (φ|V j) for each branch V j , 1 ≤ j ≤ sa, of U,
by setting
φˆj,ε(x) :=
∫
V j
αε(x− y
′)φ(y) dυ˜
on Wε = {x ∈ U ′ | dist(x, ∂U ′) > ε}, dυ˜ := p∗(dυ) being the pullback of the Eu-
clidean volume element on Cm. Then φˆj,ε ∈ C
∞(Wε). Let U
′′ ⊂⊂ W ⊂⊂ p(V j)
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be open subsets of U ′. Set ε1 =
1
2dist(U
′′, ∂W ). Then ∀w ∈ C∞0 (Q), Q = U
j
ν
being a local sheet of p−1(U ′′) ∩ V j (at a point z), and denoting by wˆ (re-
spectively, φˆj,ν) the function on Q′ induced by w (respectively, φ|Q), one has
Spt(αε ∗ wˆ) ⊆W, ∀ε ∈ (0, ε1) and
∫
Q′
φˆj,ε dd
cwˆ ∧ υm−1[z′] = const. (φˆ
j,ν , α(0)ε ∗ △wˆ)Q′
= const. (φˆj,ν , △(α(0)ε ∗ wˆ))Q′ .
(4.3)
Therefore
∫
Q′
φˆj,ε dd
cwˆ ∧ υm−1[z′] =
∫
U ′′
φˆj,ν ddc(α(0)ε ∗ wˆ) υ
m−1
[z′] .
Thus the weak harmonicity of φˆj,ν implies that each φˆj,ε is weakly harmonic in
V j for sufficiently small ε > 0. Hence for any uˆ ∈ C20 (U
′′) with uˆ ≥ 0 and uˆ = 1
in a neighborhood of a point z′ ∈ U ′′ε \∆
′, the relation
(4.4)
∫
U ′′
φˆj,ε dd
cuˆ ∧ υm−1[z′] =
∫
U ′′
uˆ ddcφˆj,ε ∧ υ
m−1
[z′] = 0
(for sufficiently small ε > 0) implies that the function φˆj,ε is harmonic in U
′′.
Observe that the Dirichlet product
[φˆj,ε, ‖z
′ − a′‖2]a′,r =
∫
U ′
a′
(r)
(r2 − ‖z′ − a′‖2) ddcφˆj,ε ∧ υ
m−1
[a′]
for small r > 0. Hence the identity (3.7) implies that φˆj,ε is nearly harmonic at a
′.
Thus it follows from Lemma 3.3 and the relation (3.9) that there exists ra′ ∈ (0, r0)
such that
φˆj,ε(a
′) = 〈φˆj,ε ⌋B[a′](r)〉a′,r, ∀r ∈ (0, ra′).
Here the ra′ may be chosen to be independent of ε (for small ε ), since the open
set Wε increases with decreasing ε. Assume at first that φ ∈ C0(X). Letting
ε→ 0 this relation yields
lim
ε→0
〈φˆj,ε ⌋B[a′](r)〉a′,r = lim
ε→0
φˆj,ε(a
′) = sjφ(a), ∀r ∈ (0, ra′),
the sj being the sheet number of p|V j (where the last equality follows from [14,
Theorem 5.2.2]). Suppose that f ∈ C∞0 (U
j
ν ) and r ∈ (0, ra′). There exists an
εr > 0 such that U
′
[y′](ε) ⊆ U
′
[a′](r) for all y ∈ V
j
[a](r) ∩ Spt(f). Then for all
ε ∈ (0, εr),
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〈f ⌋1V j 〉a,r =
1
r2m
∫
V
j
[a]
(r)∩Ujν
f(y) · (
∫
z′∈U ′\∆′
α(0)ε (y
′ − z′) dυ(z′)) υmp (y)
=
1
r2m
∫
(Ujν)[a](r)
(
∫
V
j
[a]
(r)∩Ujν
(α0ε ◦ p
[z])(y)f (y) dυ˜(y)) υmp (z)
= 〈f
{j,ε}
⌋1B[a′](r)〉a′,r.
Denoting by ψj
ν,ε
the convolution αε ∗ (ρjνφ), one has φˆj,ε =
∑
ν
′
ψj
ν,ε
, so that
〈φ ⌊1V j 〉a,r =
∑
ν
〈ψj
ν,ε
⌋B[a′](r)〉a′,r = 〈φˆj,ε ⌋B[a′](r)〉a′,r.
Thus
〈φ ⌋U〉a,r =
∑
j
〈φ ⌊1V j 〉a,r =
∑
j
sjφ(a) = νp(a)φ(a), ∀r ∈ (0, ra′).
Hence the local solid mean-value property holds for φ.
The general case will be proved by adapting the proof of G˚arding [10]. Let
γ(ξ, z), ξ, z ∈ U with ξ′ 6= z′, be the Newtonian potential
(4.5) γ(ξ, z) : =
{
1
2pi log ‖ξ
′ − z′‖2, if m = 1,
−1
(2m−2)|S|‖ξ′−z′‖2m−2 , if m > 1.
Suppose that φ ∈ L2loc[X ] and let p : U = U[a](r0)→ U
′ = B(r0) be a pseudoball
exhibiting the local forward square-integrability of φ. Let G′1, G
′
2 be open sets with
G′1 ⊂⊂ G
′
2 where G
′
2 ⊂ U
′
1 := B(r1), r1 < r0. Choose β
′ ∈ C∞(U ′) such that
β = 0 in a neighborhood of G′1 and β
′⌋U\G′2 = 1. Let Gj := p
−1(G′j), j = 1, 2,
and β := p∗β′ on U. Then the function
h(ξ) :=
4pimcm
(m− 1)!
∫
G2\G1
φddc(β(z)γ(ξ, z)) ∧ υm−1p , ∀ξ ∈ G1,
is well-defined. Choose a C∞-partition of unity {(U jν , ρ
j
ν)} on V
j ∩ Uˆ in terms
of the open sets U jν ⊆ V
j . Let γ′ be the function induced by γ on U ′ × U ′.
For fixed ξ ∈ G1 the form △z′(β′(z′)γ′(ξ′, z′)) dv(z′) is compactly supported in
a neighborhood of G2. The integrability of
∑′
ν φˆ
j
ν on U
′\∆′ implies that of the
function
fj(ξ
′, z′) =
(∑
ν
′
φˆjν
)
(z′)△z′(β
′(z′)γ′(ξ′, z′))ρˆ(ξ′)
is integrable on the product space G′1 × U
′
[a′][r1] for any ρˆ ∈ C
∞(U ′(r1)) (for
r1 < r0). Thus the function h, being equal to the sum of integrals (with respect
to z′) over U ′ of functions of the above type (with ρˆ = 1, j = 1, · · · , sa), belongs
to Cm(G1) ∩ L1loc(G
∗
1), by the the Fubini’s Theorem. Note that by virtue of the
L2-integrability of
∑
ν
′
φˆjν and the Ho¨lder’s inequality, one has, for ξ ∈ G1,
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‖h(ξ)‖ ≤
sa∑
j=1
[
∫
U ′
‖
∑
ν
′
φˆjν
)
(z′)‖2 dv(z′)]
1
2 [
∫
U ′
‖△z′(β
′(z′)γ′(ξ′, z′))‖2 dv(z′)]
1
2
thus proving that h is bounded on G1. Hence it follows from [14, Lemma 4.2.12]
that h is locally integrable in G1. Since h is C
∞ and harmonic in G∗1, it is
semi-harmonic in G1. It will be shown that ∀η ∈ C∞0 (G
∗
1),
(h, η)G1 = (φ, η)G1 .
It suffices to prove the following:
(4.6)
∫
G1
h η υmp =
∫
G1
φ η υmp ,
where η ∈ C∞0 (U
j0
ν0
∩ G∗1). By an interchange of the order of integration on the
left-hand side of (4.6), this equation can be expressed equivalently as follows:
(4.7)
∫
G1
h(ξ) η(ξ) dυ˜ =
sa∑
j=1
∫
G′2\∆
′
(∑
ν
′
φˆjν
)
(z′)△z′ψ(z
′) dv(z′),
where
ψ(z′) := β′(z′)
∫
(U
j0
ν0
)′∩G′1
γj0ν0(ξ
′, z′) ηˆ(ξ′) dv(ξ′), z′ ∈ G′2,
(where γjν is induced by γ on (U
j
ν )
′ × (U jν )
′, and the ηˆ by η on (U j0ν0 )
′), the
operation being justified by the Fubini’s Theorem (for the same reason as given
above). Observe that
△z′ψ(z
′) = −△z′(u(z
′)) +△z′(
∫
(U
j0
ν0
)′∩G′1
γj0ν0(ξ
′, z′) ηˆ(ξ′) dv(ξ′)),
where the function
u(z′) := (1− β′(z′))
∫
(U
j0
ν0
)′∩G′1
γj0ν0(ξ
′, z′) ηˆ(ξ′) dv(ξ′)
belongs to C∞0 (U
′
1). Thus
(4.8) △z′ψ(z
′) =
{
ηˆ(z′)−△z′(u(z′)), if z′ ∈ G′1 ∩ (U
j0
ν0
)′,
0−△z′(u(z
′)), if z′ ∈ G′1\(U
j0
ν0
)′.
Hence the assertion (4.6) follows from the relations (4.7)-(4.8) and the weak har-
monicity of φ. Consequently h = φ almost everywhere in G∗1. Since G
′
1 is an
arbitrary relatively compact open subset of U ′, there exists a semi-harmonic func-
tion φ˜ ∈ Cβ∩m(X) ∩ C∞(X∗) such that φ˜ = φ a. e. in X. Hence, by what
has been proved, φ˜ satisfies the local solid mean-value property in the domain of
continuity of φ˜.
To prove the assertion ”(2) ⇒ (3)”, let U be a pseudo-ball at a point a ∈ X∗
of radius r0 and 0 < r < r0. Without loss of generality, assume that φ˜ is real-
valued. There exists a continuous function φˆ on the closed ball B[a′][r] such that
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p∗φˆ = φ˜ on U∩p−1(B[a′][r]). Also, there exists a continuous function h on B[a′][r],
harmonic in B[a′](r), such that h(w) = φˆ(w), ∀w ∈ S[a′](r). Then the function
ψ := φˆ− h has the solid mean-value property at a′ and vanishes on S[a′](r). The
same is true for the function −ψ. Hence it follows from the maximum principle
(Proposition 2) that ψ ≡ 0 on B[a′](r). Consequently φ is semi-harmonic in X .
To prove the assertion ”(3) ⇒ (1)”, let U, U0 be pseudo-balls at a ∈ X∗ with
U0 ⊂⊂ U ⊂⊂ X∗. It follows as in (4.3) that ∀w ∈ C00 (U
′
0),∫
U ′0
φˆε△w dv = const.
∫
W
ddcφˆ ∧ (α(0)ε ∗ w) υ
m−1
[a′] ,
for sufficiently small ε > 0, where the φˆ being induced by φ on U ′0. By the
semi-harmonicity of φ, the above last integral vanishes. This shows that φˆε is
harmonic in U ′ for sufficiently small ε > 0. Let u : X → [0,∞) be a C2-function
with compact support in X∗. By using a partition of unity, it may be assumed
that Spt(u) is contained in a pseudo-ball U0 ⊂⊂ X∗. Then the following relation
holds (for φˆε and the induced uˆ ∈ C
2
c (U
′) of u):
(4.9) (uˆ, △φˆε)U ′′ = (φˆε, △uˆ)U ′′ = 0
It follows then from this relation (and the expression for the semi-Laplace operator)
that
|
∫
U ′0
φˆ ddcuˆ ∧ υm−1[a′] | ≤ Const.
∫
U ′0
|φˆ− φˆε| υ
m
[a′].
The L1-convergence of φˆε to φˆ implies that∫
U ′0
φˆ ddcuˆ ∧ υm−1[a′] = 0.
Therefore φ is weakly harmonic in X . 
Remark 1. If p : D → Ω is a Riemann domain, an element φ ∈ Hw(D) ∩ L2loc[D]
will be identified with its representative φ˜ ∈ Cβ∩m(D) ∩ C∞(D∗). If φ is locally
integrable in D and φ ∈ C0(D∗), then φ is semi-harmonic in D iff in D∗ the
local near harmonicity or the solid, resp. spherical, mean-value property holds for
φ.
The above Theorem gives an extension of the Weyl’s Lemma ([17], pp. 415-416)
to a Riemann domain:
Corollary 4.1. If (X, p) is a Riemann domain, then
Hw(X) ∩ L
2
loc[X ] = C
β(X) ∩C∞(X∗) ∩ ker (△p⌋X
∗).
Theorem 4.2 and the maximum principle imply the following
Corollary 4.2. Assume (X, p) is a Riemann domain. Let D be a domain in X
with dD 6= ∅. Assume: i) either D ⊆ X0 or D is irreducible; (ii) η
j
∈ C0(∂D) for
j = 1, 2 and | η
1
− η
2
| < ε on ∂D; (iii) φ = φj ∈ C0(D), j = 1, 2, are bounded,
weak solutions to the Dirichlet problem
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ddc (φυm−1p ) = ρ in D\A, φ ⌋ dD = ηj ,
where A is thin analytic in D, and ρ ∈ A2m,0(D\A). Then |φ1 − φ2| < ε on D.
5. Euler and Neumann vector fields
For each a ∈ X, define ρ = ρ
a
:= ‖p[a]‖ : X → R. The associated ∂-, respec-
tively, ∂¯-, Euler vector field (multiplied by ρ
a
) are given by
(5.1) Ep,a := ρa Eρa ; E¯p,a := ρa E¯ρa
in X∗. It is easily shown that
(5.2) E¯p,a =
m∑
j=1
(p¯j − p¯j(a))
∂
∂p¯j
in X∗.
If φ ∈ C1(D) and a ∈ D, the a-radial derivative of φ is given by
(5.3) (Rp,a φ)(z) : = ∂∇ρa (φ) (z), z ∈ D
∗.
Then ∀z ∈ D∗\p−1(a′),
(5.4) (Rp,a φ)(z) =
m∑
j=1
(x˜j − x˜j(a))
∂φ
∂x˜j
+ (y˜j − y˜j(a))
∂φ
∂y˜j
‖p[a](z)‖
⌋
z
(cf. [6], p. 169).
Let j
dD
: dD → X, and ja,r : dDa(r) → X, denote the inclusion mapping, for
a ∈ D∗ and small positive r. By tedious calculations it can be shown that
(5.5) j∗a,r((
i
2pi
) ∂¯φ ∧ υm−1p ) (z) = r
2m−2 E¯p,a(φ)⌋z σa, ∀z ∈ dDa(r).
It follows from the identities (5.3)-(5.5) that, ∀z ∈ D∗\p−1(a′),
(5.6) j∗a,r(d
cφ ∧ υm−1p ) (z) =
r2m−1
2
(Rp,a φ)(z)σa.
The following Proposition shows that the normal derivative of φ ∈ C1(D) on dD
can be intrinsically defined: Let dσ
dD
denote the (Lebesgue) surface measure on
dD induced by the local patches p
U
:= p : U → B[a′](r0), at a point a ∈ X
∗ ∩dD,
and orientation-preserving diffeomorphisms of B[a′](r0).
Proposition 3. Let ρ = 0 be a local C1 defining equation of dD in a neighborhood
U ⊆ X∗ of a ∈ dD ∩X∗ with dρ 6= 0 on dD ∩ U. Then ∀φ ∈ C1(D),
(5.7) j∗
dD
(dcφ ∧ υm−1p ) = (−1)
m(m−1)
2
1
2‖S‖
∂νφdσdD ,
where ν := ∇ρ‖∇ρ‖ , ‖∇ρ‖ being the induced Euclidean norm of ∇ρ.
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Proof. Let dp[j] := dp1∧· · ·∧dpj−1∧dpj+1 ∧· · ·∧dpm and dp¯ := dp¯1∧· · ·∧dp¯m.
It can be shown (by tedious computations) that
j∗
U∩dD
(dp[j] ∧ dp¯) = 2
m im (−1)m+j−1ρj dσU∩dD ,
j∗
U∩dD
(dp ∧ dp¯[j]) = 2
m im (−1)j−1ρj¯ dσU∩dD ,
(5.8)
where ρj := (∂ρ/∂pj) ‖∇ρ‖−1 and ρj¯ := (∂ρ/∂p¯j) ‖∇ρ‖
−1. It follows from the
definition (2.1) that
dcφ∧υm−1p = (−1)
(m−1)(m−2)
2
( i2 )
m
‖S‖
m∑
j=1
φp¯j (−1)
m+jdp[j]∧dp¯)−(−1)
j−1φpjdp∧dp¯[j].
From this the desired conclusion can be deduced by making use of the identities
(2.7)-(2.8) and (5.8). 
A relatively compact open set G ⊆ X is called a weak Stokes domain in X
iff there exists a thin analytic set A in X containing the singular points of X
such that ∂G\A has locally finite H2m−1-measure and there exists an (oriented)
boundary manifold S of G ∩ R(X) contained in dG such that ∂G\(A ∪ S) has
zero H2m−1-measure. Since the set dG\(A ∪ S) is a set of zero H2m−1-measure,
integration over S and dG make no difference, provided one of them exists (and
the notation S will not be explicitly used).
Owing to the normal derivative formula (5.7) and the equations (2.9)-(2.10), the
Stokes’ theorem ([14], (7.1.3)) yields the following generalized Green’s first identity:
Lemma 5.1. If G ⊆ X is a weak Stokes domain, then for all η ∈ Cλ(G) and
φ ∈ C1,1(G),
(5.9) [η, φ¯]
G
=
∫
dG
η dcφ ∧ υm−1p −
∫
G
η ddcφ ∧ υm−1p .
Proposition 4. If G ⊆ X is a weak Stokes domain, then, with respect to the
Dirichlet product,
(1) H(G) ∩ C1,1(G) = C1,1(G) ∩ (Cλ0 (G;R))
⊥;
(2) H(G) ∩ C1,1(G) = C1,1(G) ∩ (Cλ,(c)(G))⊥.
Proof. (1) Assume φ ∈ C1,1(G)∩ (Cλ0 (G;R))
⊥. For each a ∈ G∗ choose a pseudo-
ball U ⊂⊂ G at a of radius r0. The function ηa,r : G → R, r ∈ (0, r0), defined
by
ηa,r :=
{
‖p[a]‖2 − r2, if z ∈ U[a](r),
0, if z ∈ G \U[a](r),
is locally Lipschitz in G. Thus [φ, ‖p[a]‖2]a,r = [φ, ηa,r]G = 0. By the identity
(3.7), the condition that [φ, ‖p[a]‖2]a,r = 0 locally in G∗ (i.e. for small r > 0) is
equivalent to φ being locally nearly harmonic in G∗, hence, by Theorems 4.1 and
4.2, also to φ being semi-harmonic in G. The converse assertion follows from the
Green’s identity (5.9)
(2) Let φ ∈ H(G) ∩ C1,1(G). If ξ ∈ Cλ(G) and ξ⌋∂G = const., the Green’s
identity (5.9) implies that [ξ¯, φ¯]
G
= 0. Hence by the hermitian symmetry of the
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Dirichlet product ([15], (3.6)), [φ, ξ]
G
= 0. Conversely, if w ∈ C1,1(G) such that
[w, ξ]
G
= 0, ∀ξ ∈ Cλ(G) with ξ⌋∂G = 0, then by the assertion (1), w is semi-
harmonic in G. 
Proposition 5. Assume that G ⊂ X is a weak Stokes domain with dG 6= ∅, ρ ∈
A2m,0(G\A;R), where A is thin analytic in G, and η ∈ Cλ(∂G;R). If the Neu-
mann problem
(5.10) ddc (φυm−1p ) = ρ in G\A, ∂νφ = η on dG\A
admits a real, weak (resp. strong) solution φ = φ0 ∈ C1(G) (resp. C1,1(G)), then
the set of all real, weak (resp. strong) solutions in C1(G) (resp. C1,1(G)) of the
equation (4.1) on G\A subject to the boundary condition
(5.11) ∂
ν
φ ≥ η (or ∂
ν
φ ≤ η) on dG\A
is given by {φ0 + const.}
Proof. Since every strong solution in C1,1(G) to the equation (4.1) is a weak solu-
tion, it suffices to consider the case where φ = φ1 ∈ C1(G) is a real, weak solution
to the equation (4.1) satisfying the boundary condition (5.11). Set χ : = φ1 − φ0.
Since χ is semi-harmonic in G and, by the identity (5.7), dcχ∧υm−1p ⌋ dG\A ≥ 0
(or ≤ 0), one has ∫
dG
dcχ ∧ υm−1p =
∫
G
ddcχ ∧ υm−1p = 0.
It follows that dcχ ∧ υm−1p ⌋ dG\A ≡ 0. Then the Green’s identity (5.9) yields
[χ, χ]
G
=
∫
dG
χdcχ ∧ υm−1p −
∫
G
χddcχ ∧ υm−1p = 0.
Hence ‖▽χ‖2 = 0 a.e. in G. Therefore the function χ is locally constant in G0.
Consequently χ = constant on G. This completes the proof of the Proposition. 
Remark 2. The above Proposition implies that, given ρ ∈ A2m,0(G\A;C) and η ∈
Cλ(∂G;C), an entirely similar assertion holds for the complex Neumann problem
(5.10).
Remark 3. Let G ⊆ X be a weak Stokes domain with dG 6= ∅. If φ ∈ C1(G) is
weakly harmonic in G, then φ = const. in G iff ∂νφ⌋ dG = const.
Example 1. Let P be a real homogeneous polynomial of degree l in the variables
x1, y1 · · · , x2m, y2m. It is well-known that P can be written
P =
l∑
j=0
‖x‖l−jHj(x),
where Hj is a harmonic homogeneous polynomial of degree j, with Hj ≡ 0
whenever l − j = odd. The Hj can be calculated by an effective algorithm (see
[3]). Let pi : X → Cm be an analytic covering with sheet number s. Set P˜ = pi∗P
and G := {z ∈ X | ‖pi(z)‖ < 1}. It follows from the identity (5.7) and Proposition
5 that the set of all the strong solutions in C1,1(G) of the Neumann problem:
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ddc (φυm−1pi ) = 0 in G
∗, ∂
ν
φ ≥ P˜ −H0 on dG ∩G
∗,
is given by {ψ + const.}, where ψ :=
∑l
j=1 pi
∗Hj/j. Consequently,
∫
dG
P˜ dσ
dG
=
{
sH0 |B|, if l = even,
0, if l = odd.
In [16], p. 182, Weyl gave an alternative definition of the Laplace operator in
terms of the Gauss’ divergence theorem. In this light it makes sense to define, in
view of the identity (5.7), the harmonic residue of a function φ ∈ C1(D\{a}) at a
point a ∈ D0 as follows:
(5.12) Resa(φ, r) : =
{∫
dD[a](r)
(−dc)φ, m = 1,
1
m−1
∫
dD[a](r)
(−dc)φ ∧ υm−1p , m > 1,
for small r > 0 (cf. Boˆcher [5] (see also [7]), and [2], pp. 213-214). If φ is a
semi-harmonic function with an isolated singularity at a, then the definition (2) is
independent of the pseudo-radius (as the Stokes’ theorem easily shows).
Example 2. Let p : X → Ω be a Riemann domain and h ∈ H(X). Let a ∈ X
and α, s ∈ [0,∞) be constants. Define φ : X\p−1(p(a))→ C by
φ(z) : =
(log ‖p[a]‖2)α h(z)
‖p[a](z)‖2m−2+s
.
Let U be a pseudo-ball at a of radius r0 > 0. Then ∀r ∈ (0, r0),
(5.13) Resa(φ, r) =
[
−
α (log r2)α−1
rs
+
s
2
rs
(log r2)α
]
νp(a)h(a), m = 1,
(5.14) Resa(φ, r) =
[
−
α (log r2)α−1
(m− 1)rs
+
m− 1 + s2
(m− 1) rs
(log r2)α
]
νp(a)h(a), m > 1.
Proof. Let k = s2 , and r ∈ (0, r0). Then ∀α > 0 one has
ja,r
∗(dcφ) =
(log r2)α ja,r
∗dch
r2m−2+2k
+
α (log r2)α−1ja,r
∗(h dc‖p[a]‖2)
r2m+2k
− (m− 1 + k)
(log r2)α ja,r
∗(h dc(‖p[a](z)‖2))
r2m+2k
.
It follows from this relation and the semi-harmonicity of h that, upon integrating
the form dcφ∧υm−1p over dU[a](r), the first term vanishes, the second and the third
term yield the number α (log r
2)α−1
rs
νp(a)h(a), respectively,
−(m−1+k) (log r2)α
rs
νp(a)h(a),
by invoking the identity (3.7) and the mean-value properties of h. The case α = 0
is similar. Hence the relations (5.13)-(5.14) are proved. 
Proposition 6. A locally integrable function φ in D is semi-harmonic iff φ ∈
C1(D∗) and there exists at each a ∈ D∗ a pseudo-ball U ⊆ D∗ (of radius ra) such
that
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(5.15) Resa(φ, r) = 0, ∀r ∈ (0, ra).
Proof. If φ is semi-harmonic in D, then the relation (5.15) holds at each point
a ∈ D∗ by Corollary 4.1 and the Stokes theorem. To prove the converse, assume
U is a pseudo-ball at a ∈ D∗ of radius ra satisfying the condition (5.15). Let
V j and φˆj , 1 ≤ j ≤ s, be the same as in the proof of Lemma 3.1. Denoting by
jr, r ∈ (0, ra), the map: S = S(1)→ S[a′](r), jr(z) = a
′ + rz, one has
[φ⌋V j ]a,ρ =
∫
S
φˆj(a
′ + ρz) j∗ρ(σa′) =
∫
S
φˆj(a
′ + ρz)σ0.
On the other hand,
d
dρ
(
[φ⌋V j ]a,ρ
)⌋
ρ=r
=
∫
S
(∂z φˆj) (a
′ + rz)σ0.
Therefore the relations (5.4), (5.6) and (2) imply that
d
dρ
[φ⌋U ]a,ρ
⌋
ρ=r
=
{
(−4pi
r
)Resa(φ, r), m = 1,
2(1−m)
r2m−1
Resa(φ, r), m > 1.
Hence [φ⌋U ]a,r = const., ∀r ∈ (0, ra). Now the semi-harmonicity of φ follows from
Lemma 3.3, Theorem 4.1 and Remark 1 to Theorem 4.2. 
Another important case of an Euler type vector field associated with a smooth
boundary manifold is the ∂¯-Neumann vector field. For the definition, let ρ = 0
be a local C1 defining equation of dD in an open set U ⊆ X∗ with dρ 6= 0 on
dD ∩ U. Define in U the ∂¯-Neumann vector field
(5.16) ∂¯n :=
1
‖∇ρ‖
E¯ρ.
It follows from the relations (2.6) and (5.16) that, ∀φ ∈ C1(U),
(5.17) (∂¯nφ)(ζ) = 2
m∑
j=1
ρj(ζ)
∂φ
∂p¯j
(ζ), ζ ∈ U ∩ dD.
(For an alternative definition of the ∂¯-Neumann derivative, see [12], p. 62). The
formula (5.17) yields a derivative of φ along a (complex) direction in the complex
line passing through the unit outward normal to U ∩ dD at ζ. It is intrinsically
defined. This can be seen as follows. Consider the (m− 1,m)-form
(5.18) µ
φ
:=
m∑
k=1
(−1)m+k−1(
∂φ
∂p¯k
) dp
[k]
∧ dp¯
([12], p. 2). Using the first identity in (5.8), it is easy to deduce from the definition
(5.18) and the equation (5.17) the following:
Lemma 5.2.
(5.19) (∂¯nφ) dσU∩dD = 2
1−mi−m j∗
U∩dD
µ
φ
.
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This relation implies that the definition (5.16) is independent of the choice of
the local defining equation of dD. Some applications of the ∂¯-Neumann derivative
are given in [12] and [15].
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